Abstract. In a series of papers the authors introduced the so-called blown-up intersection cochains. These cochains are suitable to study products and cohomology operations of intersection cohomology of stratified spaces. The aim of this paper is to prove that the sheaf versions of the functors of blown-up intersection cochains are realizations of Deligne's sheaves. This proves that Deligne's sheaves can be incarnated at the level of complexes of sheaves by soft sheaves of perverse differential graded algebras. We also study Poincaré and Verdier dualities of blown-up intersections sheaves with the use of Borel-Moore chains of intersection.
This pairing comes from an intersection type product Blown-up cochains. In [5, 7, 8] we introduced a functor of singular cochains N * p , the blown-up cochains (also called Thom-Whitney cochains in the first works). In fact, we have a family of cochain complexes { N * p (X; R)} p∈P compatible with the poset of perversities P that comes equipped with a cup product, , whose construction is related to the classical cup product on the singular cochain complex N * (X; R). Moreover there also exists a singular chain complex C p * (X; R) whose homology is called intersection homology and whose sheafification is the intersection sheaf IC n− * p .
In [8] we introduced a cap product between N * p (X; R) and C p * (X; R). When X is compact and oriented, we proved that the cap product with a cycle γ X ∈ C 0 n (X; R) representing the fundamental class Γ X ∈ H 0 n (X; R), N i p (X; R)
, is a quasi-isomorphism for any ring R ( [10, Theorem B] ). This extends the Poincaré duality theorem of Friedman and McClure [16] established for field coefficients.
Outline. In this paper we study the sheafification N * p (see Definition 2.5) of the blownup cochains N * p . After a brief recall in Section 1 of the basic definitions, Theorem A of Section 2 is our first result: the sheaf N * p satisfies Deligne's axioms. As a consequence, we get that N * p offers a way to promote the multiplicative structure of Deligne's sheaves directly on the complex of sections of N * p . This multiplicative enrichment at the level of sections has some nice consequences for the study of intersection cohomology: it makes the development of a rational homotopy theory possible in this context ( [5] ) and brings a better paradigm for the study of Steenrod squares in intersection cohomology ( [7] ).
Let R be a principal ideal domain and I * R an injective resolution of R. In Section 3, we introduce a complex of Borel-Moore chains of intersection, denoted by C BM,p * (X; R). In the case of a PL-pseudomanifold, we prove (see Proposition 3.11) that C BM,p k (X; R) is quasi-isomorphic to Hom k (C * p,c (X; R), I * R ), which appears as the bidual of the complex of intersection chains. In Section 4, we build a commutative diagram of cochain complexes,
Hom n−k (C * p,c (X; R), I * R ) C BM,p n−k (X; R),
• the map DP X is the cap product with a fundamental cycle γ X ∈ C BM,0 n (X; R) and we show in Proposition 4.4 that it is a quasi-isomorphism,
• Φ X is the morphism of Proposition 3.11, adjoint to the evaluation morphism of cochains against chains, • the last map is the composite D X = Φ X • DP X . We also show that D X is a product with the cocycle Φ X (γ X ), cf. (4.2). The commutativity of this diagram relates directly at the chain level Poincaré and Verdier dualities.
We fix for the sequel a principal ideal domain R. For a topological space X, we denote bycX = X × [0, 1[/X × {0} the open cone on X. The apex of the cone is v = [−, 0].
Pseudomanifolds and perversities
This section is a recall of definitions of basic objects: pseudomanifolds and perversities. We consider perversities defined on each stratum which cover the original case of Goresky and MacPherson.
1.1. Topological background. Definition 1.1. A filtered space (X, (X i ) 0≤i≤n ), is a Haussdorff topological space X equipped with a filtration by closed subspaces,
such that the complement, X n \X n−1 , is non-empty. The integer d(X) = n is the formal dimension of X. The connected components, S, of X i \X i−1 are the strata of X and we set d(S) = i. The strata of X n \X n−1 are called regular, the other being called singular. We denote by S X the set of non-empty strata of X. The sub-space X n−1 is the singular set also denoted by Σ X . Definition 1.2. A stratified topological pseudomanifold or pseudomanifold for short, of dimension n is a filtered topological space (X, (X i ) 0≤i≤n ) such that, for any i, X i \X i−1 is a topological manifold of dimension i or the empty set. Moreover, for any point x ∈ X i \X i−1 ,i = n, we have:
(1) an open neighbourhood, V , of x ∈ X, together with the induced filtration
• cL being endowed with the conical filtration (
) and (Y, (Y i ) 0≤i≤n ) be pseudomanifolds. A stratum preserving map is a continuous map f : X → Y such that for any stratum S ∈ S X there exists a stratum S f ∈ S Y such that f (S) ⊂ S f and codim (S f ) = codim (S).
1.2.
Perversities and perverse spaces. Definition 1.4. A perversity on a filtered topological space (X, (X i ) 0≤i≤n ), is a function, p : S X → Z, defined on the set of strata of X and such that p(S) = 0 on any regular stratum S. The couple (X, p) is called a perverse space. If X is a pseudomanifold, we say a perverse pseudomanifold. We denote by P the set of perversities on X.
Let us review some important perversities.
(1) A GM perversity (for Goresky and Mac-Pherson, see [17] ) is a sequence of
It induces a perversity as above, defined as p(S) = p(codim (S)). (2) The zero perversity 0 is the GM perversity defined as 0(i) = 0 for any i ∈ {0, . . . , n}. (3) The top perversity t is the GM perversity given by t(i) = i − 2 for i ≥ 2. We say that two perversities p and q are complementary if for any singular stratum S we have:
Each perversity p has a complementary perversity Dp defined by Dp = t − p. When p is a GM perversity Dp is also GM.
Definition 1.5. Let f : X → Y be a stratum preserving map and q a perversity on Y . We define the pull-back perversity f * q thanks to the formula:
for any S ∈ S X . Example 1.6. Let us review the three fundamental examples that we encounter in this paper.
(1) Let U ⊂ X be an open set of a pseudomanifold, endowed with the induced filtration. The inclusion i : U ֒→ X is a stratum preserving map. By abuse of notation, the pull-back perversity i * p is also denoted by p. (2) Let M be an m-dimensional manifold and (X, p) be a pseudomanifold. The product filtration on X × M is defined by (X × M ) i = X i−m × M . The projection map π : X × M → X is a stratum preserving morphism. By abuse of notation, the pull-back perversity π * p will also be denoted by p. (3) Let L be a compact filtered space. A perversity p on the conecL is determinate by the number p(v) and a perversity on L, still denoted by p. They are related by the formula
1.3. Perverse structures. Unlike singular cohomology that comes equipped with a cup product, intersection cohomology at a fixed perversity is not an algebra. Rather it is parametrized by a family of perversities, and it has a product that is compatible with perversities. This has been formalized by M. Hovey who introduced perverse chain complexes, perverse differential graded algebras in [19] . Let us review this formalism. It relies on the fact that the set of perversities has two remarkable features.
(1 ) The set P of perversities on a filtered space X is a poset: we say that p ≥ q if for any stratum S we have p(S) ≥ q(S).
(2) We can add perversities: (p + q)(S) = p(S) + q(S). And the zero perversity 0 is a unit for this addition.
Thanks to these two properties we define perverse chain complexes, perverse algebras. Definition 1.7. Let (M, , I) be a symmetric monoidal category.
(1) A perverse object in M is a functor M • : P → M. That is, we have for each perversity p an object M p of M and a collection of morphisms of M,
whenever p ≤ q such that γ p≤p = id and γ q≤r • γ p≤q = γ p≤r .
(2) A perverse monoid in M is a perverse object M • together with a unit η : I → M 0 and associative products, µ : M p M q → M p+q , compatible with the poset structure. A perverse monoid in the category of complexes is called a perverse differential graded algebra.
(3) A (left) perverse module over a perverse monoid A • is a perverse object M • together with products ⊥ : A p M q → M p+q compatible with the poset structure and satisfying the classical properties of modules. Example 1.8. We will consider the next examples of categories M.
-The category of graded R-modules: intersection homology and cohomogy provide examples of perverse objects in this category.
-The category of complexes of R-modules: the blown-up cochains introduced in the next section, equipped with its cup product is a perverse monoid.
-The category of complexes of sheaves of R-modules on X.
Blown-up intersection cohomology
In this section we introduce the cochain complex of blown-up intersection cochains N * p and prove, in Theorem A, that its sheafification N * p gives a nice realization of the Deligne sheaf.
2.1. Blown-up intersection cochains. We start with the standard k-simplex viewed as an ordered simplicial complex ∆. We associate to this k-simplex the simplicial chain complex N * (∆), whose component of l-chains is the R-module generated by the l-faces of ∆, together with the usual differential given by the face operators. We define N * (∆) as the R-linear dual of N * (∆). This simplicial complex has a geometric realization which is the standard k-simplex embedded in R k+1 , by abuse of notations we also denote this geometric realization as ∆.
Our constructions use simplices in a "good" position with respect to the filtration of X, let us give a precise definition. Definition 2.1. Let (X, p) be a perverse space.
(i) A filtered simplex σ : ∆ → X is a singular simplex such that each σ −1 (X i ) is a face of ∆. A filtered simplex admits a join decomposition:
A filtered simplex is said to be regular if ∆ n = ∅.
(ii) Let F Simp(X) be the category whose objects are the regular simplices of X and whose morphisms are induced by the face operators of the simplices.
If σ : ∆ → X is a regular simplex and F a regular face of ∆, we notice that the canonical map i : F → ∆ induces a morphism in F Simp(X) between σ • i and σ.
Having defined filtered simplices we can introduce the functor of blown-up cochains as a system of coefficients on the category F Simp(X).
Definition 2.2. Let (X, p) be a perverse space and σ : ∆ 0 * · · · * ∆ n → X a fixed regular simplex.
(i) To σ we associate the cochain complex:
(ii) For any regular face F of σ we have the restriction morphism:
We define the blown-up cochains as the inverse limit
Said differently a blown-up cochain is a collection {ω σ } σ : ∆→X of tensor products of cochains parametrized by regular simplices, satisfying gluing conditions with respect to restrictions to the regular faces. A blown-up cochain owns a perverse degree relatively to any stratum of X. Let us see that.
Definition 2.3. Let ∆ = ∆ 0 * · · · * ∆ n be a regular simplex. For any 1 ≤ k ≤ n we consider the restriction map,
can be written as a finite sum i∈I a i ⊗ b i , where {a i } i∈I is an R-basis of the free module
Definition 2.4. Let ω be a cochain of N * (X; R). The perverse degree of ω along a singular stratum, S ∈ S X , is equal to
where sup ∅ = −∞.
Let us fix a perversity p on X. We say that ω ∈ N * (X; R) is p-allowable if for any singular stratum S we have ω S ≤ p(S). The cochain ω is a p-intersection cochain if ω and its coboundary, δω, are p-allowable. We denote by N * p (X; R) the complex of pintersection cochains and by H * p (X; R) its homology, called blown-up p-intersection cohomology of X with coefficients in R, for the perversity p.
Properties of blown-up cochains.
Let us recall the main properties of blown-up cochains (see [8] , [10] or [5] , [7] , [9] where they are called TW-cochains). They satisfy the Mayer-Vietoris property [8, Theorem C] and are natural with respect to stratum preserving morphisms (for a careful study of this naturality [8, Theorem A]).
We also have a stratified homotopy invariance [8, Theorem D] . If (X, p) is a perverse space then the canonical projection pr : X × R → X, which is a stratum preserving map, induces a quasi-isomorphism
. A crucial property is the computation of the blown-up intersection cohomology of an open cone. Let L be a compact filtered topological space and p a perversity on the conecL, of apex v. We have [8, Theorem E]:
If k ≤ p(v), the previous isomorphism is given by the inclusion L×]0, 1[=cL−{v} ֒→cL.
p∈P is a perverse differential graded algebra whose products, 
Let V be an open subset of X. We define the category Cov(V ) of open coverings of V as the category associated to the poset of open coverings. The sheaf of blown-up intersection cochains N * p is defined by its sections as the direct limit
As the cup product is natural with restriction maps, the family { N * p } p∈P is a perverse differential graded algebra. Proof. (Flatness) Let us prove that for any x ∈ X the stalk ( N * p ) x is flat. A direct limit of flat modules being also flat, it suffices to prove that the module of sections Γ(V ; N * p ) is a flat module for any open subset V ⊂ X. This module of sections is also the direct limit of small U -cochains N * ,U p (V ; R). We are therefore reduced to prove that these small cochains are flat. As we work over a principal ideal domain, a torsion free module is flat and a sub-module of a torsion free module is also torsion free. Thus let us use the fact that N * p (V ; R) ⊂ N * (V ; R) and that N * (V ; R) is R-torsion free. As this operator preserves the product, we have a morphism of sheaves of rings N 0 → N 0 0 between the singular zero cochains and the blown-up zero cochains in perversity 0. We recall that a complex of sheaves of modules over a soft sheaf of unital rings is soft. We conclude by using the fact that the sheaf N 0 is soft. Proposition 2.7. Let (X, p) be a perverse space. We have the following isomorphisms
is a quasi-isomorphism. This gives us the first isomorphism, the second being a direct consequence of the softness of the sheaf N * p . 2.4. Blown-up intersection cochains with compact supports. Definition 2.8. Let (X, p) be a perverse space. The blown-up complex of cochains with compact supports is the direct limit,
, where the limit is taken over all compact subsets K ⊂ X. Its cohomology is denoted by H * p,c (X; R). Proposition 2.9. Let (X, p) be a perverse space. We have the following isomorphisms
Proof. The second isomorphism follows from the softness of the sheaf N * p . In order to get the first one we use the fact that
where N * ,U p,c (X; R) is the cochain complex of U -small blown-up cochains with compact supports. And to conclude we use the theorem of small U -cochains with compact supports proved in [10, Proposition 2.5].
2.5. Deligne's sheaves and blown-up cochains. Intersection homology was first introduced in [17] for PL-pseudomanifolds. In [18] , Goresky and MacPherson replace the simplicial point of view of [17] by a sheaf construction due to Deligne [11] . Topological pseudomanifolds and GM perversities are the paradigm of [18] , the main tool being an axiomatic characterization of the Deligne sheaf in the derived category D(X) of complexes of sheaves on X. If one replaces GM perversities by the perversities of Definition 1.4, an adaptation Q * p of the Deligne's sheaf is done by G. Friedman in [15] , thanks to a generalized truncation functor for sheaves.
Let (X, p) be a perverse pseudomanifold. We show that the sheaf N * p is isomorphic to Q * p in D(X). Let us first recall the Friedman version of the Deligne's axioms for perverse spaces (see [15, Section 3] ). Definition 2.10. Let F * be a sheaf complex on X. We denote by F * k the restriction of F * to X\X n−k . We say that F * satisfies the axioms (AX) p if:
(1) F * is bounded, F i = 0 for i < 0 and the restriction F * 1 to the regular strata is quasi-isomorphic to the ordinary singular cochain complex. (2) For any stratum S and any x ∈ S, the cohomology sheaf H i (F * ) x vanishes if i > p(S). (3) For any stratum S ⊂ X n−k and any x ∈ S, the attachment map, α k :
If F * is soft, from [22, Remark 2.3], we may replace the axiom (3) by the following one.
(3 bis) For any k ∈ {2, . . . , n}, stratum S ⊂ X n−k \X n−k−1 , x ∈ S and j ≤ p(S), the restriction map induces an isomorphism,
where V x varies into a cofinal family of neighborhoods of x in X\X n−k−1 . In [14] , G. Friedman extends such unicity theorem to the setting of the homotopically stratified spaces of F. Quinn, [23] . We do not consider these spaces in this work.
Our first result relates Deligne's sheaf to the blown-up intersection cohomology.
Theorem A. Let (X, p) be a perverse pseudomanifold. Then the sheaf complex N * p is isomorphic to Q * p in the derived category D(X) of sheaves on X. Hence we have the following isomorphism:
Moreover, this isomorphism is compatible with the products.
Proof. With Proposition 2.11, it is sufficient to prove that the sheaf N * p satisfies the axioms (AX) p .
Property (1) follows from the fact that the restriction of the sheaf N * p to the regular strata is the sheafification of the singular cochains.
The fact that N * p satisfies (2) and (3 bis) follows from the softness of this sheaf and the properties of blown-up intersection cohomology recalled in (2.2). Let us begin with axiom (2). Let S be a stratum of X n−k and x ∈ S. We choose a cofinal family of local charts such that ϕ : V x ∼ = − → R n−k ×cL where L is the link of x. By softness of N * p we have the following isomorphisms: 
. Now, the result is a consequence of (2.1) and (2.2).
The restriction of the product of blown-up cochains (see [8, Proposition 4.2] ) on the regular part is the classical cup product, which is a resolution of the canonical product
The result follows from a direct application of [15, Theorem 1.4] , which asserts that this canonical product defined on the regular part of X can be extended uniquely to the Deligne's sheaves.
Let us focus on the fact that the product on Deligne sheaves is only defined at the level of the derived category D(X), whereas the blown-up cochains give a sheaf of perverse algebras. This is the starting point of a rational homotopy theoretic treatment of intersection cohomology as done in [5] .
Intersection chains and cochains
In this section we introduce the intersection chain complex and its dual, the intersection cochain complex, together with a Borel-Moore intersection chain complex. In Proposition 3.11, we extend to pseudomanifolds a theorem of Spanier ([25] ) originally stated for singular chains and cochains on manifolds.
3.1. Borel-Moore intersection chains. We denote by C BM * (X; R) the complex of formal sums ξ = j λ j σ j , with σ j filtered, λ j ∈ R and such that any x ∈ X possesses a neighboorhood for which the restriction of ξ is finite. We say that ξ is locally finite or a Borel-Moore chain. If we restrict to finite linear combinations, we recover the filtered chains and denote by C * (X; R) the associated complex. Definition 3.1. Consider a perverse space (X, p) and a filtered simplex σ : ∆ = ∆ 0 * · · · * ∆ n → X.
(i) The perverse degree of σ is the (n + 1)-tuple, σ = ( σ 0 , . . . , σ n ), where σ i = dim(∆ 0 * · · · * ∆ n−i ), with the convention dim ∅ = −∞. (ii) Given a stratum S of X, the perverse degree of σ along S is defined by
for any stratum S. For a perversity p such that p ≤ t, we may have p-allowable simplices that are not regular in the sense of Definition 2.1. This failure has bad consequences on Poincaré duality (see [10] ). To overcome this point, the tame intersection homology and cohomology has been introduced in [24] and [8] . Let us remind it. Definition 3.2. Given a regular simplex ∆ = ∆ 0 * · · · * ∆ n we denote by d∆ the regular part of the chain ∂∆.
Definition 3.3. Let (X, p) be a perverse space. Given a regular simplex σ : ∆ → X, we define the chain dσ by σ • d. Notice that d 2 = 0. We denote by C * (X; R) (resp. C BM * (X; R)) the complex of finite chains (resp. locally finite chains) generated by the regular simplices, endowed with the differential d.
A p-allowable filtered simplex σ : ∆ → X is p-tame if σ is also a regular simplex. In the two cases, finite or locally finite, a chain ξ is p-tame if it is a linear combination of p-tame simplices. A chain ξ is a tame p-intersection chain if ξ and dξ are p-tame chains.
We write C p * (X; R) ⊂ C * (X; R) the complex of tame p-intersection finite chains endowed with the differential d. Its homology H p * (X; R) is the tame p-intersection homology.
In the same manner, we write C BM,p * (X; R) for the complex of locally finite tame pintersection chains. Its homology H BM,p * (X; R) is the Borel Moore tame p-intersection homology.
Let us recall the main properties of tame p-intersection homology (see [6] or [12] ).
• It is natural with respect to stratum preserving maps, [6, Proposition 7.6 ].
• It satisfies Mayer-Vietoris property, [6, Proposition 7.10] . This comes from the fact that the classical subdivision operator Sd : C * (X; R) → C * (X; R) can also be defined on the complex C p * (X; R) and gives a quasi-isomorphism. As a consequence if we consider an open covering U of X the inclusion of U -small chains
is a quasi-isomorphism, [6, Corollaire 7.13].
• We also have a stratified homotopy invariance, [6, Proposition 7.7] .
• Let L be a compact filtered space, p a perversity on the open conecL, of apex v. By denoting p the perversity induced on L, we have ([6, Proposition 7.9]):
• If U is an open subset of a perverse space (X, p) with the induced perversity, we define relative tame p-intersection chains as the quotient C p * (X, U ; R) = C p * (X; R)/C p * (U ; R). Its homology denoted H p i (X, U ; R) fits into an exact sequence,
The next result connects tame p-intersection chains to Borel-Moore ones.
Proposition 3.4. Let (X, p) be a perverse space. Suppose that X is locally compact, metrizable and separable. The complex of locally finite tame p-intersection chains is isomorphic to the inverse limit of complexes,
where the limit is taken over all compact subsets of X.
Proof. Let c be a chain of C BM,p * (X; R). Following [5, Proposition A.13] we know that there exists a locally finite family {σ} of p-intersection simplices, a locally family {τ } of p-bad faces and a decomposition c = σ r σ σ + τ c τ , where r σ ∈ R and c τ is the p-intersection chain putting together all the simplices of c having the same bad face τ . In particular, any c ∈ C BM,p * (X; R) can be written as a locally finite decomposition
where each c k is a p-intersection chain. Let K be a compact subset of X. We define
This is a finite sum since K is compact and J is locally finite. Let us see that ρ K is well defined. If c = k∈J ′ e k is another decomposition of c as in (3.4) then the chain
Also, we observe that ρ K clearly commutes with differentials. By taking the limit over all compact subsets of X, we get a chain morphism,
. If ρ(c) = 0 then class K (c) = 0 for any compact set K. This implies c = 0 and therefore the injectivity of the map ρ.
In order to prove the surjectivity, we notice first that the topological hypotheses imply ( [27, 16C] ) the existence of an increasing sequence of compacts
such that any compact K ⊂ X is included in some K m . In particular, the family (K m ) is cofinal in the family of compact subsets of X and X = m∈N K m . Let us consider a collection of chains
Let us consider the chain
Condition (3.5) gives c ∈ C BM,p * (X; R). We end the proof with ρ(c) = c, that is,
Propositions 3.5 and 3.7 have been already established in the context of filtration depending perversities in [13] . 
We consider the following cofinal family of compact subsets of R a × L,
As the open subsets (R a ×L)\K n are stratified homeomorphic by the canonical inclusions, we are reduced to the case n = 0. From Proposition 3.4, we deduce:
Before the next determination of Borel-Moore homology, we need the value of the intersection homology of a join with an a-dimensional sphere S a . Let X be a filtered space. Recall that the join S a * X is the quotient of the product with the closed unit ball, B a+1 × X, by the equivalence relation (z, x) ∼ (z, x ′ ) if z ∈ S a . The strata of S a * X are S a and the productsB a+1 × S, with S a stratum of X andB a+1 the open unit ball. For any perversity on X, we get a perversity on the join from p(B a+1 × S) = p(S) and the choice of a number p(S a ). 
given by
Let us see that h preserves the stratifications. We distinguish the following cases.
•
is clearly a stratified homeomoprhism. The determination of the inclusion map
can thus be replaced by the determination of
. Using Lemma 3.6 for the domain and (3.1) for the range, we obtain,
The result follows from the long exact sequence of intersection homology.
Mention from [8, Proposition 6.7 ] the existence of cap products,
Hence, the collection {C p * (X; R)} p∈P is a left perverse module over the perverse algebra N * q (X; R)
q∈P . This cap product can also be extended in a cap product,
as follows. As (see (3.4)) any c ∈ C BM,p * (X; R) can be written as a locally finite sum of p-intersection chains, ξ = k∈J ξ k , we set
A verification shows that this cap product is well defined and makes of {C We denote by I * R the cochain complex I 0 R = Q ρ / / / / I 1 R = Q/R, of differential d = ρ. We define a chain complex Hom * (C * p,c (X; R), I * R ), whose set Hom k (C * p,c (X; R), I * R ) of elements of degree k is formed of the couples (ϕ 0 , ϕ 1 ) such that We check easily (ω ∪ η) ⊥ ϕ = ω ⊥ (η ⊥ ϕ). Hence, the collection Hom * (C * p,c , I * R )
p∈P is a left perverse module over the perverse algebra N * q (X; R)
The following result is the well-known "biduality" for intersection homology, proved in [1, Theorem V.8.10] in sheaf theory and in classical algebraic homology in [25] , see also [21] . We give a short proof below. Proof. Let us prove that the complex of sheaves D(C * p [n]) is quasi-isomorphic to the Deligne sheaf Q * p . As the sheaf C * p is flat and soft (Proposition 3.9), the sheaf D(C * p [n]) is an injective sheaf, hence it is soft. We are reduced to verify that the conditions of Definition 2.10 are fulfilled.
From Proposition 3.11, we may replace Hom n−k (C * p,c (X; R), I * R ) by C
